In this paper we study the asymptotic behaviour of solutions to the three-dimensional Schrödinger-Poisson system in the attractive case with positive energy. In this case, it is proved that for a real initial condition the solutions expand unboundedly as time goes to infinity. The proof of this result is based on the derivation of a dispersive equation relating density and linear momentum as well as on optimal bounds for the kinetic energy.
INTRODUCTION
The Schrödinger-Poisson system (SPS) in (0, ∞) × R 3 associated with a single particle in a vacuum can be written in terms of the wave function ψ(x, t) and the potential V (x, t) as follows where stands for the Planck constant and m for the particle mass, and where the potential is related to the particle density |ψ(x, t)| 2 via the Poisson equation
2)
The potential V = V (x, t) is originated by the charge of the particle which determines the value of γ, γ > 0 or γ < 0 depending on the repulsive or attractive character of the Coulomb force, respectively. Let us note that V will be a weak solution of the Poisson equation (1.2), which can be explicitely written as
|ψ(y, t)| 2 |x − y| dy.
In this way, the single particle SPS governs the temporal evolution of the pure quantum-mechanical state wave function ψ(x, t), which describes the state of a non-relativistic quantum particle subjected to the action of a self-consistent potential V . Note that the first and second terms in the right-hand side of equation (1.1) are related to the kinetic and the potential energy in the system, respectively.
The analysis of the well-posedness of this initial value problem started with the work of P. Markowich [7] , where the connection to the Wigner-Poisson problem was described motivating further results (see, e.g., [2, 4] ). The analysis of the asymptotic behavior for the solutions to the SPS has been partially studied recently . In the repulsive case, R. Illner, P. F. Zweifel and H. Lange obtained in [2] decay estimates in time for the wave function, the potential and the density for mild H 2 -solutions. These results were extended to weak L 2 -solutions and also for the attractive case with infinite energy by F. Castella in [1] . The description of the precise behaviour of solutions, in both repulsive and attractive cases, by means of equations verified by the long-time limit wave functions, has been recently obtained by J. L. López and J. Soler in [5, 6] .
The idea of this paper is to complete the gap of this theory in the attractive case with positive energy, proving that the solutions expand unboundedly as time goes to infinity. The techniques used to prove this result are, in a first step, based on the derivation of a dispersive equation connecting density and linear momentum. This dispersive equation is related to the pseudo-conformal law, see [2] . The second step consists in obtaining new optimal upper and lower bounds for the kinetic energy associated with the SPS in terms of the initial energy and the minimal energy found by E. H. Lieb [3] . A combination of these equations leads to the announced result.
The paper is organized as follows. We first derive a Galilean invariant timedependent dispersion equation which can be straightforwardly used to derive the expansion of the system along the evolution in the repulsive case. To proceed in the attractive case for an initial datum with positive energy we study some properties of the stationary case, for which an optimal bound for the kinetic energy is derived. Our main result is a direct consequence of this bound and the dispersion equation.
A DISPERSION EQUATION
Denote by
the expectation value of a local quantity f, where f could be an integrable function or an operator acting on ψ. Two special examples of such quantities are the first order moment of the density (center of density), representing the expectation value of the coordinate defined by
and the expectation value of the linear momentum operator (quantity of mean modes)
which is preserved along the time evolution. Let us denote by E(t) the total energy operator
which is also preserved along the time evolution. Also, denote by E(γ, m) the total energy when we want to note the dependence on the coupling constant γ and the mass m. Now, we shall derive an equation relating the position and momentum dispersions. A remarkable fact is that this equation is a distinctive feature of the Coulomb interaction, regardless of the quantum-mechanical underlying dynamics. It can be checked that this equation is also fulfilled for a system of classical charged particles or for its statistical limit, like occurs in the Vlasov-Poisson framework. A predecessor of this equation was derived by P. L. Lions and T. Paul in [4] by means of the Wigner formulation, involving complicated calculus. Hovewer, this dispersive equation also yields as a direct derivation from the pseudo-conformal law studied in [1, 2] . We have obtained the following dispersive equation by direct calculations in a different and simpler form and will be an important ingredient to deduce our result. Let us denote by
Lemma 2.1 The following equation connecting the position and momentum dispersions
holds, E(t) being the energy operator defined in (2.6).
We remark that the dispersion equation (2.8) can also be deduced as a consequence of the stationary character of the Action Functional associated with the SPS under some transformations. Moreover, this equation is Galilei invariant. Then, the rest frame of the system can be used, defined by x (t) = 0. In addition, for a real initial condition, we have that p (t) = 0 and d dt x 2 (t) t=0 = 0. It is obvious from (2.8) that, since the total energy is positive for the repulsive case , i.e. E > 0, hence the position dispersion is always a convex function of time. From here it follows an increasing dispersion in time, so that ψ(x, t) spreads out as time grows and we recover the results in [1, 2] . In the attractive case the same reasoning cannot be applied because the right-hand side of (2.8) could change sign.
KINETIC ENERGY BOUNDS
In order to obtain more information from the dispersive equation in the attractive case, let us recall the result of E. H. Lieb [3] about the solution of minimal energy. If we start from a time-independent density, we expect from the dispersion equation that at any time E + 1 2m p 2 = 0, thus the kinetic energy should become a constant of motion. A particular class of solutions corresponding to a constant density in time is of the form ψ(x, t) = e −iǫt/ ψ(x), so that the SPS reduces to the time-independent Schrödinger-Poisson equation
Clearly, if we take as initial condition a function ψ(x) satisfying the previous set of equations, then the time-dependent solution is represented by the same function ψ(x, t). It is well-known that this problem can be reformulated in a variational context, in which the solution is an extreme of the energy functional. Indeed, E. H. Lieb [3] proved that in the attractive case there is a unique L 2 -solution minimizing the energy functional (referred to as Choquard's energy functional), the 'eigenvalue' ǫ L being the corresponding Lagrange multiplier associated with the minimal solution. The total energy E L of Lieb's stationary solution is related to the eigenvalue ǫ L by E L = ǫ L /3 so long as the stationary potential and kinetic energy verify
Lieb's minimal energy can be conveniently written in terms of a positive dimensionless constant c as
where c can be determined numerically yielding c = 0.5555... The parameters γ and m might be rescaled, giving the following relationship for the energy
and a similar relation for the eigenvalue ǫ(γ, m). The equations (3.3) and (3.5) also hold for any stationary solution. The existence of the Lieb's minimal bound for the total energy allows us to deduce some new optimal time-independent upper and lower bounds for the kinetic energy.
Proposition 3.1 Let E 0 > 0 be the total energy. Then, the kinetic energy associated with the solutions of the SPS ranges between the variational optimal positive values E ± KIN given by
Proof. Since the following estimates are valid for any time we drop the explicit time-dependence of the wave function. It is known that the interaction energy associated with mild solutions of the SPS can be bounded in terms of the kinetic energy in the form
where C is a positive constant (see [2] ). We optimize this bound by minimizing the functional
Then, the Euler-Lagrange equation associated with this functional reads
This problem can be rewritten as
which is similar to the stationary SPS (3.1)-(3.2). Identifying the parameters (assuming = 1 for simplicity) we have
Multiplying (3.7) by ψ * 0 and integrating over R 3 , we obtain
Then, to determine λ we can evaluate the potential and kinetic energy as follows:
where we have used (3.8)-(3.9). On the other hand, by using the stationary relations given in (3.3) we find ǫ 0 = 3γ 0 m 0 /8π and
There only remains to calculate γ 0 from the scale parameters. For that, using the scale relations (3.5) we have
where c is the smallest eigenvalue. This implies
Combining (3.10), (3.11) and (3.12) we obtain 2mc 5γ 64π 2 2E KIN ≥ E 2 P OT , from which, using (3.4), we deduce the bound
(3.13)
Since our minimum represents a stationary state we deduce that the total energy verifies
which is precisely the estimate for Lieb's solution (3.4). Now, using the energy conservation property together with (3.13), we find the inequality
From this equation it is a simple matter to obtain (3.6). Now, combining the kinetic energy bounds given in the above Proposition together with the dispersive equation and energy conservation we find the announced main result.
be the initial real condition for the SPS with a positive initial finite energy E 0 and finite initial dispersion x 2 (0). Then, the system expands unboundedly for large times and the dispersion x 2 (t) behaves like O(t 2 ).
Proof. To deduce our result, let us write the dispersive equation in the form
which implies by using (3.6) the following bounds
Therefore, for positive E 0 both bounds are also positive, which allows to deduce the result by integrating twice in time the former equation; the system expands as x 2 ∼ t 2 . This estimate is sharp in the sense that if the initial energy is negative and coincides with Lieb's infimum, E 0 = E L , then both parts of the inequality vanish and x 2 remains constant. The former nested inequality is not very useful in the limit of large times in the attractive case, since the left-hand side becomes negative, which means that the system cannot contract too quickly. Also, for finite times this bound becomes worse than Heisenberg's uncertainty principle, x 2 p 2 ≥ 9/4, in the center of mass system. In this case, the right hand side just says that the system cannot expand faster than as predicted for the repulsive case.
The detailed proofs and applications to the asymptotic behaviour for the SPS, also containing the negative energy case for the attractive interaction, will appear in a forthcoming publication.
